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LIFf:(X,7T)— (Y,S)and g : (Y,S) — (Z,V) are continuous, show that the composi-
tion go f: (X,7) — (Z,V) is also continuous.

Solution. From the definition of continuity of f, V open sets V' C Y containing a point
f(x e X),Janopenset U C X s.t. x € U = f(z) € V. Similarly, for g, ¥ open sets
V' C Z containing a point g(y € Y), Jan openset U' C Y s.t. y e U = g(y) € V.

To combine the two definitions to get the desired result, take the set V' as defined above
to be the inverse image g~ *(V’). So now, for g o f, for an open set V' C Z containing
a point go f(r € X), Janopenset U C X s.t. x € U = go f(x) € V'. This is the
definition of continuity of a function on topologies.

S.gof:(X,T)— (Z,V) is continuous.

2. Local base for a topological space

e N (x) is alocal base for a topological space (X, 7). If A € N(z), show that there
exists a U € 7 such that x € U C A.

Solution. Given z € X and A € N (z), let
U:/(A):{yeA|CVy€N(y) sty eV, C A},

Clearly, U C A and U # () since z € A € N(z) and z € A C A.

While it is clear that y € U = 3V, € N(y) s.t. y € V, C A, it is not
immediately obvious that y € U = 3V, € N(y) s.t. y € V,, C U, which is
needed to show that U € 7.

To prove this, we will appeal to condition 3 in the definition of a local base By
construction, y € U = 3V, € N(y) st. y e W, C V, and z € W, =
3P, € N(z) st. z € P, CV, C A Consequently, y € U = 3IW, € N(y)
st. z€ W, = 3P, € N(z) st. z € P, C A, implying W,, C U. This proves
yeU = IW,N(y) st. yeV, CU,sothat U eT.

I will close the discussion with a couple of comments. We’ve shown that, if
A € N(x), there exists U € T s.t. z € U C A. Conversely, since U is open and
x € U, there must exist a B € N(z) s.t. z € B C U. Given a topology 7, if we
define M(z) = {U € T|xz € U}, we've shown that M(z) is a local base for the
topology 7.

Putting all of this together, we see that there is never any loss of generality in
assuming that the elements of a local base are all open in the topology generated
by the local base.



e Ni(x) and N3(z) are local bases for a space X. Show that the topology 7;
generated by Np(z) is finer that the topology 75 generated by N5 (z) if and only
if for all B € Ny(z), there is a set A € Nj(x) such that z € A C B.

Solution. Suppose 7; is finer than 75, or equivalently 75 C 7;. Set B € Ny(x) for
some x € X. From the previous problem, there is a U € 75 s.t. x € U C B. This
implies U € Ty, so there is (in particular) A € N;(z) s.t. A C U C B. The choice
of B is arbitrary, so for all B € Na(z), there is a set A € Ni(z) s.t. v € AC B.
Conversely, suppose for all B € Na(z), there is a set A € Ni(z) s.t. x € A C B.
Let U € 75. Then for all y € U there is a B € Na(y) s.t. B C U. This implies for
all y € U there is A € Ni(z) such that AC B C U, so U € 7;. Then T, C Ty, or
equivalently 77 is finer than 75.

7, is finer than 7, iff for all B € N3(z), there is a set A € Nij(x) such that
re ACB.

o Let X = [®(R,N). For each z € X;m € N, ¢ > 0, let U(x;m,e) = {y €
X|maxy<icpm i2[2; — y;| < e} I N(x) = {U(x;m,¢),m € N,e > 0}. Show that
(i) M (x) is a local base, and (ii) the [ metric topology is strictly finer than the
topology 7 generated by this local base.

Solution. Suppose V' € N (z). Tt follows that x € V since max;<j<, 1*|x; — z;| =
0 < e regardless of m € N and € > 0.

Suppose V1,Va € N(z). Then Vi = U(x;my,€) and Vo = U(x;me, €3) for some
my,my € N and €1,6 > 0. Let V3 = U(x;max(my, ms), min(er, 65) € N(x). If
yeVathenyeViNVy so Vs CViNVs.

Suppose V' € N(z). Then V = U(x;m,¢€) for some m € N and ¢ > 0. Let
y € Vand § = maxj<i<mi®|z; — y;| < €. Consider W = U(y;m(e — §)/2) €
N(y). If z € W then max;<;<p, i|z; — 2| < maxi<icm (|2 — il + |y — 21]) <
Max)<j<m 12|T; — Yi| + maxi<i<m i?|y; — 2] < 0+ (€ —0)/2 < €. So z € V which
implies W C V.

. N(z) is a local base.

Suppose V€ 7. Then for all z € V there are m € N and ¢ > 0 such that
U(z;m,e) C V. Let § = ¢/m? and consider the open ball in the [*° metric topology
on X, Bs(z). If y € Bs(x) then sup,, |z, —yn| < 6 and so maxy<;<p, i%|z; — yi| < e.
Thus Bs(z) C U(x;m,e) C V, which implies V' is open in the [° metric topology
on X.

Consider the open unit ball centered at the zero sequence in the [*° metric
topology on X, By(0). For any ¢ > 0 and m € N, construct the sequence
y = {0,0,...,0,2,...} with m zeroes. Then y € U(0;m,e) but y ¢ B(0).
So, B1(0) cannot be open in 7.

.. the [*° metric topology on X is strictly finer than the topology 7  generated by

e The topology 7 is as defined in the previous item. Show that 2™ € X converges
to zin (X, 7) if and only if xgn) — z; for all 4.



Solution. Suppose (™ € X converges to z in (X, 7). Then for all m € N and
€ > 0 there is a N s.t. 2™ € U(z;m,¢) for all n > N. In particular, for some
§ > 0 and i € N, there must be N s.t. 2™ € U(z;4,i%5) for all n > N. This
implies j2|w§-n) — 2| <25 for 1 < j < i and so |270z| < 6. Thus 2™ — 2 for
all 7.

En) — #; for all ¢. Then for all « € N and € > 0 there is
N such that |z{™ — 2| < € for all n > N. In particular, for some § > 0 and
m € N, there must be N such that |2\ — z| < §/m? for all n. > N. This implies
j2|x§") —z| < dfor1 <j<mandsoz; €U(x;m,d). Thus 2™ € X converges
to z in (X, 7).

. 2™ converges to z in (X, 7) iff x§”) — z; for all 7.

Conversely, suppose x

e Same setup as above. Let V(z;e) = {y € X||z; — y;| <, Vi € N}. If M(z) =
{V(z;€), € >0}, is M a local base?
Solution. Suppose V € M(z). Then x € V since |z; — z;| = 0 < € for all € > 0.
Suppose Vi, Vo € M(z). Then V; = V(x,€;) and Vo = V(x5 €3) for some €1, €5 > 0.
Let V3 = V(z;min(ey, €2)). Then for y € Vj, it follows that y € V; and y € V4 So,
Vs Vinbs.
Suppose V' € M(z). Then V = V(z;¢) for some € > 0. Let W =V (z;¢/3) C V.
When y € W, consider U = V(y;€/3). Suppose z € U, then |z; — x| < |z; — yi| +
ly; — x;] < 2¢/3 for all 4. This implies U C V.
.. M(z) is a local base.

3. Problem 3.2.7 in Prof. Flaschka’s notes, prove the following proposition:

Proposition. Let X and Y be equipped with local bases as defined in Definition 3.2.5
and let T, S denote the topologies determined on X andY per Proposition 3.1.17. Then
f X =Y is continuous according to Definition 3.2.3 if and only if it is continuous
according to Definition 3.2.5.

Proof. First off, write out the definitions.

(3.2.3) Let (X, 7) and (Y, S) be topological spaces, and let f: X — Y be a function.
One says that f is continuous at xg € X if for every open set V' C Y containing f(zo),
there is an open set U C X containing xg, so that z € U guarantees that f(z) € V.

(3.2.5) Let {N(X)|z € X} and {M(Y)|y € Y} be local bases on the sets X and Y.
Say that a function f: X — Y is continuous at zy if for every V' € M(f(zo)) there is
a U € N(xg), such that € U implies f(x) € V.

(=) Assume f is continuous wrt 3.2.23, the topologies are defined as in 3.1.17:
UeT it Ve e U,V e N(z)st. VCU.

Now, if V' is a neighborhood of z, AW € N (z) s.t. Va € W, W C V. Apply this to
3.2.23, YU € X, 4 some neighborhood V of x s.t. V C U where x € V guarantees
f(z) € O for O is open in Y. Also, every neighborhood V' O W, where W is open wrt

3



T st. x € W CU. Similarly, 3Q € M(f(z)) € O s.t. @ contains an open set {2 open
s.t. f(z) € £ C O. Putting all of this together yields V@, neighborhoods of f(x),
JVCfHQ)st. x eV = f(z) € Q. So 3.2.23 implies 3.2.5.

(<=) Assume that 3.2.5 is true. So, for every neighborhood V' of f(z), 3 some neigh-
borhood U = f~*(V) such that for every x € U, f(z) € V is guaranteed. But, by
3.1.17, inside every neighborhood V' and U, there exists open sets W and O completely
contained within these neighborhoods. Therefore, z € W C U = f(x) € O C V,
and f is continuous according to 3.2.3. Therefore, 3.2.5 = 3.2.3.

5323 = 3.2.5.

. Problems 3.2.23 and 3.2.24 from Prof. Flaschka’s notes:

(3.2.23) Let X, Y be sets, and let f be a function with domain C X and range C Y.
Let A be a collection of subsets of Y. show that

@H“(UA)=Uf*M%

AcA AcA

Solution. For simplicity, we will use |J to imply the union over all A € A. We first
note that if none of the sets A intersect the range of f, then both sides of this equality
are trivially the empty set. Let z € f~'(lJA). Then f(z) € UA, so f(x) € A for
some A € A. Thus z € f~'(A) for some A € A, so x € |Jf'(A) and we have C
containment. Now suppose = € |J f~'(A). Then x € f~(A) for some A € A, so we
have f(z) € A for some A € A, and thus z € f~!(|J A). This gives us 2 containment,
and thus the sets are equal.

@H”(HA>:ﬂf*M%

AcA AcA

Solution. For simplicity, we will use () to imply intersection over all A € A. First
we note that if the intersection NA = 0, then f~*(@) = 0, and also () f~'(A) must
also be empty, else there exists some z s.t. f(z) € A for all A, which would imply
f(x) e A # 0. Also if [ A is not empty but is not in the range of f, then we also
have trivially that both sets in the above equation are the empty set.

Let z € f~1(A). Then f(z) € A, so f(z) € Aforall A€ A. Then z € f~!(A)
for all A € A, and thus z € ) f~!(A), so we have C containment. Conversely suppose
r € (Vf'(A). Then f(x) € Aforall A € A, soz € fNA), and we have D
containment. Therefore the sets are equal.

(c) f(fTH(A) C A AcCY;



Solution. Let y € f(f~'(A)). Then y = f(z) for some z € f~!(A), but if z is in the
pullback of A, then f(z) € A, so y € A. Therefore we have C containment.

(d) f7Y(f(B)) 2B, BC X.

Solution. Let z € B. Then f(z) € f(B), so z € f~'(f(B)), and we have 2 contain-
ment.

(3.2.24)

Find examples to show that the subset symbol in (¢), (d) in the last exercise cannot
be replaced by a = sign.

Solution. For part ¢), let A =[—1,81], f(z) = 2% YV =R,

fﬁl(A) = [_979]
F(H(A) = [o.81).
Since [0,81] C [-1,81], f(f~(A)) C A. Therefore, C must be used, not C.
For part d), let By = [~2,2] and By = [0,2], f(z) = 2%, X =R

f(B1) = f(By) = [0,4]
Ff(B) = (f(B2) = [-2,2].

Since [-2,2] D [-2,2] © [0,2], f~*(f(B)) 2 B.

. First Countable local base

(X, 7) is first countable, if it has a local base N(x) such that at every point x € X,
the collection of neighborhoods N (x) is countable.

(a) Show that the metric topology on a metric space (X, d) is first countable.
Solution. Let 7; be the metric topology on (X, d) generated by Ni(x) = {B.(x)|e >

0}. Let 75 be the topology generated by N(z) = {Bin(x)|n € N}, a countable local
base.

Suppose U € 7;. Then for all x € U there is € > 0 s.t. B.(z) C U. This implies
Bijn(x) € Be(x) C U for any n > 1/e (which must be defined). So U € T,

Suppose U € 75. Then for all x € U there is n € N s.t. By,(z) C U. This implies
Be(x) C Byjp(x) C U for any € < 1/n. So, U € T;.

It follows that Ny(x) generates the metric topology on (X, d) since 7; = Ts.

.. the metric topology on a metric space (X, d) is first countable.

(b) If (X, T) is first countable, show that every point € X has a countable collection
of open neighborhoods U,, 3 x such that U, O U,.1, and x is an interior point for an
open set O if and only if there is an index n such that x € U, C O.
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Solution. (X, 7) is first countable, so it has a countable local base N (z). Let {A,} be
an enumeration of A'(z). We will construct a sequence of nested open neighborhoods
{U,}, which give a local base equivalent to {A,}.

From problem 7.2, for every z € X, it is possible to find (V,, > z) € 7 s.t. V,, C A,.
Let Uy = Vi and U, 1 = V,,y1 NU,. In this way, x € U, € 7 and U,,, C U, for all
n € N.

Suppose x is an interior point for O € 7. Then z € A, C O for some n € N. But
since x € U, CV,, C A, it follows that = € U,, C O. So, there is an index n such that
rxe U, CO.

Conversely, suppose there is an index n such that x € U, C O for an open set O. Then
there must be A € N (z) such that A C U, since x € U,, € 7. So, z is an interior point
for an O.

.. x is an interior point for an open set O iff there is an index n s.t. x € U,, C O.

(c) With the same definitions as the previous part, show that if you construct a sequence
by picking arbitrary points y,, € U,, it follows that the sequence {y,} converges.

Solution. I want to show that y, — x, then for any open set O > x, there exists
some No such that for n > N, y, € O. Using our results from (b), then, for every
O > z, there again exists N such that for n > N, (U, > z) C O. Thus y, € U,, C O,
Vn > Ngo. Therefore for any open set O which contains x, one can find points v, that
are also in O, and we say that the sequence y, converges to x.

(d) If (X, 7) is first countable, and (Y, S) is any topological space, show that f : X — Y
is continuous if and only if it is sequentially continuous. (See Problem 3.2.16 in Prof.
Flaschka’s notes)

Solution. ( = ) Suppose [ is continuous. Use the argument from c) to show that it
is sequentially continuous. That is, since y, — = (from (¢)), f(yn) — f(z), since f is
continuous.

( =) Show the contrapositive: if f is not continuous, then there exists some y,, — «
such that f(y,) / f(x).

Since f is not continuous, then there exists some open set W € Y, where f(x) € W
such that for every O 3 z, f(O) € W. Given that (X,7T) is first countable, then we
have from our previous problems that there is some index such that x € U,, C O C X,
and there exists some y,, € U,. So we have that y, converges to x, as we have shown
in (¢). However, since f(U,) € W, that f(y,) € W.

So, iff f is not continuous, there exists some y, — =z, yet f(y,) 4~ f(x). .. fis
continuous iff it is sequentially continuous.

. A set in a topological space is closed if it’s complement is open.

(a) If f: X — R is a continuous function, show that f~*([0, 1]) is closed in X.



Solution. From the definition of a continuous function, YV C R, f~!(V) is an open
subset of X. So, to show that f~!(]0,1]) is closed, consider [0,1]¢ = (—o0,0) U (1, 00)
which is open in R. Since f is continuous, 34 open in X s.t. A = f71([0,1]%).
Therefore, A°= f~1([0,1]) is closed in X.

(b) Problem 3.3.9 of Prof. Flaschka’s notes.
(3.3.9)

Prove: If (X,7) is Hausdorff, then for every x € X, the set {z} is closed. Is the
converse true?

Proof. Let x € X, a Hausdorff space, and let A C X. Let z,y € X such that z € A
and y ¢ A. Then for each z € A define two families of open neighborhoods of =, U,
and V, such that y € V,. The union of all the neighborhoods U, of x in A contain A,
that isU =, U,, 2 A.

Define V =UNV,. Thusy € V and VN A = (), as expected. Now if we take y € X
A, and let V, be an open set of y with V,, N A = (), then we have that X\ A = Uj Vi,
But, since the arbitrary union of open sets is again open, we have that X\ A is open,

thus (X'\A)¢ = A is closed, since its complement is open. Finally, setting A = {z}, we
have that {z} is closed.

. for every x € X, the set {z} is closed. Now, what about the converse? I claim that
it is false.
Claim. The converse of this statement is false.

The converse is not necessarily true. Consider the topological space (R, Zco finite). In
this case {z} is closed for all z € R but the space is not Hausdorff.

(c) Problems 3.3.10 and 3.3.11 of Prof. Flaschka’s notes.
(3.3.10)

Prove: In a Hausdorff space, every convergent sequence has a unique limit (compare
Example 3.2.15).

Proof. Suppose that (X,7) is Hausdorff, but there exists a sequence {z} which has
limits a, b € X. Thus, for any open set U > a, 3Ny such that for all n > Ny, x,, € U.
Similarly, for an open set V' > b, ANy such that for all n > Ny, z, € V. Then, if
I choose N = max(Ny, Ny), for all n > N we have that x, € U and z,, € V, thus
x, € UNV. But, since (X,7) is Hausdorff, there exists open sets U,V such that
a€U,and beV, with a # b, and U NV = (). Clearly, z,, can not converge to b.

.. in a Hausdorff space, every convergent sequence has a unique limit.

(3.3.11)

Let (X,7) be first countable (Exercise 3.2.16), and suppose that every convergent
sequence has a unique limit. Show that (X, 7) is Hausdorff.



Solution. Let (X,7) be first countable and suppose that every convergent sequence
has a unique limit. If y, 2z € X and y # z, then there are countable collections of open
neighborhoods U,, > y and V,, 3 z s.t. U,y C U, and V41 C V,. A sequence {z,}
constructed by choosing x,, € U,, will converge to y regardless of the choices made, and
{z,,} must not converge to z since the limits are unique. This implies that there is N
s.t. x, ¢ V,, and so U, N'V,, = @ since the points z,, are arbitrary, for n > N. This
yields y € U,,, z € V,,, and U, N'V,, = () for any n > N.

.. the topological space (X, 7) is Hausdorff.



